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h to Lagrangian systems with
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Tom Mestdag
Abstrat. The Euler-Lagrange equations of a Lagrangian whih is invariant
under a Lie group ation an be redued to the so-alled Lagrange-Poinaré equa-
tions. This set of equations an be seen to fall apart into a `horizontal' and a
`vertial' equation. In this paper, we will obtain a new intrinsi haraterization
of both equations, based on a deomposition of the Lie algebroid struture of the
arrying spae. We show that also in the Hamiltonian framework horizontal and
vertial equations appear.
1. Introdution
Consider a mehanial system on a manifold Q whose Lagrangian l is invariant
under an ation of a Lie group G, i.e. l(gvq) = l(vq). l gives rise to a Lagrangian
funtion l on TQ/G, dened by means of l([vq]) = l(vq) and the Euler-Lagrange
equations of the system an be redued to the so-alled Lagrange-Poinaré equations
1
for the redued Lagrangian (see e.g. [5℄). For any prinipal onnetion A on piG :
Q → M = Q/G, it is possible to onstrut an isomorphism αA between the spaes
TQ/G and TM ⊕ g˜, where g˜ is the total manifold of the adjoint bundle τ : g˜ =
(Q× g)/G→M . The redued Lagrangian an then be regarded as a funtion L on
TM ⊕ g˜, dened by L(x˙, v) = l(αA
−1(x˙, v)). The Lagrange-Poinaré equations take
then the form
(1)


d
dt
∂L
∂va
= −
∂L
∂vb
(
Cbadv
d − Γbjax˙
j
)
,
d
dt
∂L
∂x˙i
−
∂L
∂xi
= −
∂L
∂vb
(
Γbicv
c − ωbij x˙
j
)
.
where Ccab are the struture onstants of the Lie algebra g, ω
a
ij are the urvature
oeients of A and Γbia are the onnetion oeients of the assoiated onnetion
(for more details, see the next setion).
One of the advantages of a desription of the Lagrange-Poinaré equations on
TM ⊕ g˜ is that they an be seen to fall apart into two distinguished sets of equa-
tions. Indeed, the above separation of (1) does not depend on the hoie of the
oordinates and the vertial and horizontal equations are, respetively, the rst and
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seond equations. In [5℄, Cendra et al. gave an intrinsi formulation of these two
equations. However, in the expliit expression of the horizontal and vertial equa-
tions, an additional linear onnetion ∇M on M needed to be invoked, even though
the equations are in fat independent of the hoie of suh a onnetion. In this
paper, we will present a new intrinsi desription of the horizontal and the vertial
Lagrange-Poinaré equations for whih no extra onnetion ∇M on M is required.
The framework in whih we will situate the Lagrange-Poinaré equations will be
dierent from the one in [5℄. Both TQ/G and TM ⊕ g˜ an be given the struture of
vetor bundles overM with projetions τQ/G and pi, respetively. This paper aims to
fully exploit the observation that the bundles τQ/G and pi arry also a Lie algebroid
struture. The idea that the arrying spae of Lagrangian systems with symmetry is
a Lie algebroid is not new. Weinstein showed (Corollary 4.6 in [15℄) that the redued
equations fall in the ategory of so-alled Lagrange equations on a Lie algebroid (see
also Theorem 9.7 in [6℄). In general, if pi : V →M is a Lie algebroid with struture
funtions ρiα and D
γ
αβ and if L(x, y) ∈ C
∞(V ), then a dynamial system of the form
(2)


x˙i = ρiα(x)y
α,
d
dt
(
∂L
∂yα
)
= ρiα
∂L
∂xi
−Dγαβy
β ∂L
∂yγ
.
is alled a Lagrangian system on the Lie algebroid pi. Due to Martínez [10℄, we know
that it is onvenient to extend the Lie algebroid struture to a ertain prolongation
bundle and to look at Lagrangian systems as setions of the prolongation bundle.
The Lie algebroid struture on τQ/G : TQ/G → M (or on pi : TM ⊕ g˜ → M)
whih turns (2) into (1) is the so-alled Atiyah algebroid. We will show that the
horizontal and vertial equations appear, within the framework of [10℄, due to a
natural deomposition of the Lie algebroid struture on pi. At the end of the paper, we
will investigate the Hamiltonian ounterpart of the above method. In [4℄, Hamilton-
Poinaré equations have been introdued. We will show that also horizontal and
vertial equations an be identied.
2. Natural onstrutions on prinipal bre bundles
In this setion we reall some basi fats about Atiyah algebroids. For proofs
and detailed alulations we refer to [1, 5, 9℄.
Definition 1. A Lie algebroid is a vetor bundle pi : V → M , whih omes
equipped with a braket operation [·, ·] : Sec(pi) × Sec(pi) → Sec(pi) and a linear
bundle map ρ : V → TM (and its extension ρ : Sec(pi) → X (M)), whih are related
in suh a way that (i) [·, ·] is a real Lie algebra braket on the vetor spae Sec(pi);
(ii) ρ satises for all s, r ∈ Sec(pi), f ∈ C∞(M):
[s, fr] = f [s, r] + ρ(s)(f) r.
Loally, if {eα} is a basis for Sec(pi) with adapted oordinates (x
i, yα) ∈ V , then
the struture funtions ρiα are the oeients of the anhor map ρ. The struture
funtions Dγαβ are given by [eα, eβ ] = D
γ
αβeγ .
Let piG : Q → M be a prinipal bre bundle with struture group G. Elements
of the manifold (TQ)/G are equivalent lasses under the indued ation of G on
TQ. The map τQ/G : TQ/G → M, [vq] 7→ [q] gives TQ/G the struture of a vetor
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bundle, where, for vq, uq ∈ TqQ and a ∈ R,
(3) a[vq] = [avq] and [vq] + [uq] = [vq + uq].
We will show next that TQ/G → M arries in fat a Lie algebroid struture. The
anhor map ρ : TQ/G → TM of this Lie algebroid is given by ρ([vq]) = TpiG(vq).
We will follow here the approah of [5℄ to dene the braket (for slightly dierent
approahes see e.g. [1, 9, 15℄). Let's look at the projetion Π : TQ→ TQ/G over piG.
Expression (3) is essentially saying that the restrition Πq : τ
−1
Q (q) → (τQ/G)
−1([q])
is a linear isomorphism for eah q ∈ Q (with inverse Π−1q ). Therefore
Π∗(σ)(q) = Π−1q (σ(piG(q))), σ ∈ Sec(τQ/G)
denes an invariant vetor eld (i.e.X ∈ X I(Q) ifX(gq) = gX(q), for the tangent lift
of the ation of G on Q). In fat, Π∗ : Sec(τQ/G)→ X
I(Q), is a linear isomorphism.
It is even possible to dene the Lie algebroid braket for setions σi on τQ/G :
TQ/G → M as the pullbak, under the isomorphism Π∗, of the natural braket of
vetor elds on Q, i.e.
(4) [σ1, σ2] = (Π
∗)−1[Π∗(σ1),Π
∗(σ2)]
The above Lie algebroid struture is the Atiyah algebroid.
The adjoint ation of G on g leads to an indued ation of G on Q × g, so it
makes sense to speak of the equivalene lass [q ·ξ] of a (q, ξ) ∈ Q×g. The projetion
τ : g˜ = (Q× g)/G → M , given by τ([q · ξ]) = piG(q) denes a surjetive submersion
whih gives τ the struture of a vetor bundle: let [q · ξ1] and [q · ξ2] be elements of
the same bre τ−1([q]), then we dene
a[q · ξ1] = [q · aξ1] and [q · ξ1] + [q · ξ2] = [q · ξ1 + ξ2].
The bundle τ is often alled the adjoint bundle. It an be given the struture of a
Lie algebra bundle (for a denition of a Lie algebra bundle, see [9℄). The Lie algebra
struture on a bre g˜x is given by
[[q · ξ1], [q · ξ2]] = [q · [ξ1, ξ2]] piG(q) = x.
In partiular, a Lie algebra bundle is a Lie algebroid with zero anhor map.
In the introdution we mentioned an isomorphism between TQ/G and TM ⊕ g˜.
Let A : TQ → g be a prinipal onnetion (for a denition see e.g. [7℄). The map
αA : TQ/G→ TM ⊕ g˜ given by
αA([vq]) = TpiG(vq)⊕ [q ·A(vq)]
is a well dened vetor bundle isomorphism (see e.g. [5, 9℄). This observation is the
key ingredient in the approah of [5℄. Any available prinipal onnetion an now be
used to transform the Lie algebroid (4) on τQ/G into a Lie algebroid on the vetor
bundle pi : TM ⊕ g˜ →M : the new braket is given by
(5) [s1, s2] = αA
(
[α−1A (s1), α
−1
A (s2)]
)
, s1, s2 ∈ Sec(pi)
and the anhor map is the projetion ρ : TM ⊕ g˜ → TM . It is possible to give an
expliit expression for the braket (5).
Loally piG is of the form X × G → X, with X ⊂ R
n
open. Choose maps
ea : X → g, suh that for eah x, {ea(x)} is a basis for g and let A(
∂
∂xi
|(x,e)) =
Aai (x)ea(x). τ : g˜ → M is loally X × g → X. Then, the setions ea dened by
ea(x) = [(x, e) · ea(x)] = (x, ea(x)) form a loal basis of Sec(τ). In this basis, the
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oeients of the Lie algebra bundle are exatly the oeients Ccab of the Lie algebra
g. We further dene a g˜-valued two-form ω on M
ω(
∂
∂xi
,
∂
∂xj
)(x) = ωaijea(x) with ω
a
ij =
∂Aaj
∂xi
−
∂Aai
∂xj
+ CabcA
b
jA
c
i ,
whih is learly related to the urvature of A. Finally, the so-alled assoiated linear
onnetion ∇ on τ an be dened loally by
(6) ∇ ∂
∂xi
ea = Γ
b
iaeb = C
b
adA
d
i eb.
Intrinsi denitions of the above objets an be found in e.g. [5, 9℄. On pi : TM⊕g˜ →
M , setions are of the form s = X⊕ s, with X ∈ X (M) and s ∈ Sec(τ). We an now
state Theorem 5.2.4. of [5℄.
Proposition 1. An expliit expression of the braket (5) is
(7) [X1 ⊕ s1,X2 ⊕ s2] = [X1,X2]⊕
(
∇X1s2 −∇X2s1 − ω(X1,X2) + [s1, s2]
)
,
(for Xi ∈ X (M) and si ∈ Sec(τ)). The oeients of the anhor map ρ are thus
ρij = δ
i
j and ρ
i
a = 0. The braket (7) is loally given by
(8) [ei, ej ] = −ω
c
ijec, [ei, ea] = Γ
c
iaec, [ea, eb] = C
c
abec.
From these expressions it is lear that the system (1) is a Lagrangian system (2) on
the Lie algebroid (7).
3. Almost-Lie algebroids
In what follows, we will use geometri strutures that are a little more general
than Lie algebroids.
Definition 2. An almost-Lie algebroid on pi : V → M has all the properties of
a Lie algebroid, exept that the Jaobiator
J(s, t, r) = [s, [t, r]] + [t, [r, s]] + [r, [s, t]], s, r, t ∈ Sec(pi),
is C∞(M)-linear, but not neessarily zero. The linearity of the Jaobiator J is
equivalent with the property that the anhor map ρ is a Lie algebra homomorphism.
A k-form on Sec(pi) is a skew-symmetri, C∞(M)-linear map θ : Sec(pi) × · · · ×
Sec(pi)→ C∞(M) (with k-arguments). A k-form ω on pi is loally of the form
ω = ωα1...αke
α1 ∧ . . . ∧ eαk ∈
k∧
(pi)
({eα} being the dual basis of {eα}). For any k-form, the expression
dθ(s1, . . . , sk+1) =
k+1∑
i=1
(−1)i−1ρ(si)
(
θ(s1, . . . , sˆi, . . . , sk+1)
)
+
∑
16i<j6k+1
(−1)i+jθ([si, sj], s1, . . . , sˆi, . . . , sˆj , . . . , sk+1)(9)
denes a (k + 1)-form. The operator d will be alled the exterior derivative. d is
ompletely determined by its ation on funtions and 1-forms. It is easy to see that
dxi = ρiαe
α, deγ = −
1
2
Dγαβe
α ∧ eβ.
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Remark that d2 = 0 is valid only for funtions. The property that d2 = 0 for 1-
forms (and by indution then also for forms of arbitrary order) is equivalent with
the vanishing of the Jaobiator J of the braket, and therefore pi is a Lie algebroid
i d2 = 0.
Let's now ome bak to the Lie algebroid (7). It is easy to see that the braket
an be deomposed in three almost-Lie algebroid brakets (with the same anhor
map ρ)
[X1 ⊕ s1,X2 ⊕ s2] = [X1 ⊕ s1,X2 ⊕ s2]
1 + [X1 ⊕ s1,X2 ⊕ s2]
2 − [X1 ⊕ s1,X2 ⊕ s2]
3
where
[X1 ⊕ s1,X2 ⊕ s2]
1 = [X1,X2]⊕
(
∇X1s2 −∇X2s1 + [s1, s2]
)
,
[X1 ⊕ s1,X2 ⊕ s2]
2 = [X1,X2]⊕
(
∇X1s2 −∇X2s1 − ω(X1,X2)
)
,
[X1 ⊕ s1,X2 ⊕ s2]
3 = [X1,X2]⊕
(
∇X1s2 −∇X2s1
)
.
Although [., .] is a Lie algebroid, it is not true that also the brakets [., .]i are Lie
algebroids: their Jaobiator fails to vanish. Let R∇ and d∇ be, respetively, the
urvature and the ovariant exterior derivative of∇ (see [8℄). Let the adjoint operator
of the Lie algebra bundle τ be given by ad(r)s = [r, s].
Proposition 2. [., .]3 is a Lie algebroid i the onnetion ∇ is at, i.e. R∇ = 0.
[., .]1 is a Lie algebroid i ∇ is at and ad is parallel, i.e. ∇ad = 0. [., .]2 is a Lie
algebroid i ∇ is at and ω is ∇-losed, i.e. d∇ω = 0. If [., .] is a Lie algebroid and
moreover iωad = 0, then all brakets are Lie algebroids. Conversely, if [., .]
1, [., .]2
and [., .]3 are Lie algebroids and iωad = 0, then also [., .] is a Lie algebroid.
In loal oordinates, the brakets take the form
[ei, ej ]
1 = 0, [ei, ea]
1 = Γciaec, [ea, eb]
1 = Ccabec,
[ei, ej ]
2 = −ωcijec, [ei, ea]
2 = Γciaec, [ea, eb]
2 = 0,
[ei, ej ]
3 = 0, [ei, ea]
3 = Γciaec, [ea, eb]
3 = 0.
Of ourse, eah of the above almost-Lie algebroids indues its own exterior derivative.
Proposition 3. For every form θ on pi : TM ⊕ g˜ →M , we an write
dθ = d1θ + d2θ − d3θ,
where di stands for the exterior derivative of the almost-Lie algebroid [., .]i.
4. Horizontal and vertial Lagrange-Poinaré equations
The ore idea of Martínez's approah to Lagrangian systems (2) on Lie algebroids
is that the dynamis should be thought of as a setion of a ertain prolongation
bundle. Let pi : V →M be an (almost-) Lie algebroid and µ : W →M an arbitrary
bre bundle. The ρ-prolongation of W is the bundle µρ : T ρW →W , where T ρW =
ρ∗TW , i.e. (v,Xw) ∈ T
ρW if v ∈ V and Xw ∈ TwW are suh that Tµ(Xw) = ρ(v).
The projetion µρ is then given by µρ(v,Xw) = τW (Xw) = w (see also [12℄). In the
diagram in Figure 1 also the projetions µ2 and ρµ on the omposing parts of T ρP
have been drawn.
The following theorem denes the extension of the almost-Lie algebroid pi to
the prolongation µρ. A setion Z of µρ is said to be projetable if there exists a
setion s ∈ Sec(pi) suh that µ2 ◦Z = s ◦µ. Remark that Sec(µρ) is (loally) nitely
generated, over the ring C∞(W ), by projetable setions.
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Figure 1. The ρ-prolongation of µ.
Proposition 4. [12℄ Let pi be an almost-Lie algebroid. The vetor bundle µρ
inherits an almost-Lie algebroid struture from the one on V and the standard Lie
algebroid struture on TW . The anhor map is ρµ : T ρW → TW, ρ1(v,Xw) = Xw,
and the braket an be dened in terms of projetable setions as follows. If Z1, Z2
are two projetable setions of µρ given by Zk(w) = (sk(m),Xk(w)), k = 1, 2 for
some setions sk of τ and Xk of τW , then the braket [Z1,Z2] is the setion given by
(10) [Z1,Z2](w) = ([s1, s2](m), [X1,X2](w)).
By onstrution, if pi is, in partiular, a Lie algebroid, then so is also the prolongation.
Let's use oordinates (xi, wA) for W . The bases {eα} of Sec(pi) and {
∂
∂xi
, ∂
∂wA
} of
X (W ) indue a basis {Xα,VA} for Sec(µ
ρ), where
(11) Xα(w) =
(
eα(µ(w)), ρ
i
α
∂
∂xi
∣∣∣∣
w
)
and VA(w) =
(
0(µ(w)),
∂
∂wA
∣∣∣∣
w
)
.
Setions in the span of {VA} are alled vertial setions. The set of all vertial
elements of T ρW , i.e. those whose projetion on V , via µ2, vanishes, will be denoted
by VρV . W.r.t. the basis (11), the anhor map ρµ of the Lie algebroid struture on
µρ is given by
ρµ(Xα) = ρ
i
α
∂
∂xi
, and ρµ(VA) =
∂
∂wA
,
while the extended braket of the Lie algebroid struture on µρ is of the form
(12) [Xα,Xβ ] = D
γ
αβXγ , [Xα,VA] = 0 and [VA,VB] = 0.
Proposition 5. Consider the Lie algebroid struture (7) on pi : V = TM ⊕ g˜ →
M and an arbitrary bre bundle µ : W → M . The extended Lie algebroid [., .]
on µρ : T ρW → W is made up from the extensions of the almost-Lie algebroids
[., .]1,[., .]2 and [., .]3, i.e.
[Z1,Z2] = [Z1,Z2]
1 + [Z1,Z2]
2 − [Z1,Z2]
3
for Zi ∈ Sec(pi
ρ). From the expression (11) for the projetable setions, the proof
is obvious. For the remaining part of this setion, we will assume that also µ is
pi : V = TM ⊕ g˜ → M . The elements of the basis (11) are then {Xi,Xa,Vi,Va}. If
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{X i,X a,V i,Va} is the dual basis of 1-forms, then loal expressions for the exterior
derivative d on
∧
(piρ) (see expression (9)) are given by
dxi = X i, dx˙i = V i, dva = Va,
dX i = 0, dX a =
1
2
ωijX
i ∧ X j − ΓaibX
i ∧ X b −
1
2
CabcX
b ∧ X c,
dV i = 0, dVa = 0.
Corollary 1. For every form θ on piρ, we an write
dθ = d1θ + d2θ − d3θ,
where di stands for the exterior derivative of the extended almost-Lie algebroids on
piρ. All di have the same ation on funtions. For 1-forms,
d1X i = 0, d1X a = −ΓaibX
i ∧ X b +
1
2
CabcX
b ∧ X c, d1V i = 0, d1Va = 0,
d2X i = 0, d2X a =
1
2
ωijX
i ∧ X j − ΓaibX
i ∧ X b, d2V i = 0, d2Va = 0.
d3X i = 0, d3X a = −ΓaibX
i ∧ X b, d3V i = 0, d3Va = 0.
We now introdue some useful anonial objets that live on T ρV . Let's look
rst at the set of vertial setions. There exists a naturally dened vertial lift
V : pi∗V → VρV ⊂ T ρV . Indeed, if (v0, v) ∈ pi
∗V , then we an dene an element
(vv0)
v ∈ Tv0V by means of its ation on funtions f ∈ C
∞(V ),
(vv0)
v(f) =
d
dt
f(v0 + tv)
∣∣∣∣
t=0
.
The required (v0, v)
V ∈ VρV is then (0, (vv0)
v). The denition, of ourse, extends
to the level of setions. We won't make a notational dierene, between X ∈ X (M)
and X ⊕ 0 ∈ Sec(pi), so the meaning of XV as a setion of the prolongation bundle
piρ should be lear. Then, eVi = Vi and e
V
a = Va. It is well-known that there exists
a anonial setion on pi∗pi, T = vαeα = x˙
iei + v
aea. It an be deomposed into
two setions TTM = x˙
iei and Tg˜ = v
aea. Their two vertial lifts, CTM = x˙
iVi and
Cg˜ = v
aVa, add up to the Liouville setion C = v
αVα ∈ Sec(pi
ρ).
The bre linear map j : T ρV → pi∗V : (v,Xv0) 7→ (v0, v) is surjetive and its
kernel is exatly the set of vertial elements VρV . The omposition of j with the
vertial lift gives a seond important onept, that of the vertial endomorphism S =
V ◦j = Xα⊗Vα. It is a Sec(pi
ρ)-valued 1-form on Sec(piρ). The elements jTM(Z) and
jg˜(Z) are the projetions of j(Z) onto pi
∗(TM⊕{0}) = pi∗TM and pi∗({0}⊕g˜) = pi∗g˜,
respetively. We then obtain the two omposing parts Sg˜ =
V ◦ jg˜ = X
a ⊗ Va and
STM =
V ◦ jTM = X
i ⊗ Vi of S.
Next to the vertial lift, there is also a seond natural lift on (almost)-Lie alge-
broids, the omplete lift. We will only give a oordinate expression here (for more
details, see [10℄). If s = sαeα is a setion of pi, then
sC = sαXα + (ρ
i
βv
β ∂s
α
∂xi
−Dαβδs
βvδ)Vα ∈ Sec(piρ).
We have shown that for pi : TM ⊕ g˜ → M , there are four almost-Lie algebroid
strutures and therefore we have to hoose whih one we will use to dene the
omplete lift. In the following, the omplete lift will be onstruted by means of the
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easiest braket, namely [., .]3. Then, the omplete lifts of X ∈ X (M) and r ∈ Sec(τ)
are
XC = XiXi +
∂Xi
∂x˙j
x˙jVi − Γ
a
jbX
j
v
bVa
r
C = raXa +
( ∂ra
∂xj
x˙j + Γajbr
bx˙j
)
Va.
Remark that, if we would have hosen any other braket, the omplete lift would
ontain (annoying) additional terms in Ccab and ω
c
ij. If {ei, ea} is a loal basis for
Sec(pi), then {eCi = Xi, e
C
a = Xa, e
V
i = Vi, e
V
a = Va} is a loal basis for Sec(pi
ρ).
A speial sublass of setions of piρ are the so-alled pseudo-Sodes (or just
`Sode', seond order dierential equation, in [10℄). An element Γ of this lass is
haraterized by the property pi2 ◦ Γ = id and it is therefore loally of the form
x˙iXi + v
aXa + f
i(x, x˙i, v)V i + fa(x, x˙i, v)Va.
One of the main points in the urrent set-up is that Lagrangian systems on Lie
algebroids are represented by a pseudo-Sode Γ. The solutions of the dynamial
system (2) are then given by the integral urves of the assoiated vetor eld
ρpi(Γ) =
∂
∂xi
+ f i(x, x˙i, v)
∂
∂x˙i
+ fa(x, x˙i, v)
∂
∂va
∈ X (TM ⊕ g˜).
For a Lagrangian L ∈ C∞(TM ⊕ g˜), the Poinaré-Cartan 1-form is θL = S(dL) ∈∧
(piρ). The prinipal energy is a funtion on TM ⊕ g˜ given by EL = ρ
pi(C)L − L.
We will only onsider regular Lagrangians, i.e. those whose Hessian is at any point
non-degenerate. A Lagrangian system on pi is then a pseudo-Sode solution Γ of the
equation
(13) iΓdθL = −dEL.
For the algebroid (7), the integral urves of ρpi(Γ) ∈ X (TM ⊕ g˜) are the solutions
of the equations (1). The operator LP (l) from [5℄ an, within our approah, be
identied with the 1-form iΓdθL + dEL on pi
ρ
. Reall that we have alled the rst
equation, respetively last equation in (1), the vertial and horizontal Lagrange-
Poinaré equations. As was announed in the introdution, we will show that iΓdθL+
dEL an be dexomposed into two forms Hor,Ver ∈
∧1(piρ). First, we will need to
deompose the main objets: Let Eg˜ = ρ
pi(Cg˜)L and ETM = ρ
pi(CTM)L − L. Then
EL = ρ
pi(C)L − L = Eg˜ + ETM . Further let θg˜ = Sg˜(dL) and θTM = STM(dL). Last
but not least, we need to dene a 1-form β on Sec(piρ) by means of its ation on
vertial and omplete lifts:
Definition 3. Let β be the 1-form on Sec(pi1) dened by
β(rV ) = dL(rV ), β(rC) = dL(rC), β(XV ) = 0 and β(XC) = 0.
In oordinates, β = ∂L
∂va
(Va + Γaibv
bX i).
Proposition 6. The `vertial' Lagrange-Poinaré equation is given by
(14) iΓd
1θg˜ = −dEg˜− β.
The `horizontal' Lagrange-Poinaré equation is given by
(15) iΓ(d
1θTM + d
2θg˜− d
3θg˜) = −dETM + β.
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Proof. Sine d1θTM = d
2θTM = d
3θTM , it is lear that if Γ satises both (14)
and (15), it must also be a solution of the equation (13). We will prove now the
onverse: if Γ is the pseudo-Sode solution of (13), it will also satisfy the vertial
equation (14) and the horizontal equation (15) separately.
For any Γ, the 1-form iΓdθL + dEL is semi-basi, so it vanishes identially on
vertial setions. We will show now that also the `vertial' form Ver = iΓd
1θg˜ +
dEg˜+ β ∈
∧1(piρ) vanishes on vertial setions. Sine all involved objets are tensor
elds, we an use in the the proof vertial (and later omplete lifts) of basi setions,
i.e. setions in Sec(τ) and X (M) (and not the more arbitrary setions along pi). First
of all, we nd that
Ver(rV ) = (iΓd
1θg˜ + dEg˜ + β)(r
V ) = ρ1(Γ)(θg˜(r
V ))− ρ1(rV )(θg˜(Γ))− θg˜([Γ, r
V ]1)
+ρ1(rV )((ρ1Cg˜)L) + β(r
V ).(16)
Sine θg˜(r
V ) = 0, θg˜(Γ) = dL(Sg˜(Γ)) = ρ
1(Cg˜)(L) and θg˜([Γ, r
V ]1) = dL(Sg˜([Γ, r
V ]1)) =
dL(rV ) = β(rV ), the proposed follows. By interhanging rV for XV in expression
(16) it is lear that also Ver(XV ) = 0, beause θg˜(X
V ) = 0, Sg˜([Γ,X
V ]) = 0 and
β(XV ) = 0. Therefore, also Ver is semi-basi.
We prove next that Ver also vanishes on omplete lifts of the form XC . Sine
θg˜(X
C) = 0, it is easy to see that Ver(XC) = −θg˜([Γ,X
C ]1). Essentially, what
we have to alulate is jg˜[Γ,X
C ]1 whih is the `g˜'-part of j[Γ,XC ]1. This vanishes
beause, for any pseudo-Sode, the braket j[Γ,XC ]1 does not have omponents in
ea.
Finally, we show that the two 1-forms iΓdθ + dE and Ver oinide on omplete
lifts r
C
. It is easy to see that iΓ(dθ+dE)(r
C) = ρ1(Γ)(θ(rC))−θ([Γ, rC ])−ρ1(rC)L. On
the other hand, beause β(rC) = dL(rC), we an nd that Ver(rC) = ρ1(Γ)(θg˜(r
C))−
θg˜([Γ, r
C ]1) − ρ1(rC)L. We thus have to prove that θ([Γ, rC ]) = θg˜([Γ, r
C ]1), or
j[Γ, rC ] = jg˜[Γ, r
C ]1 whih an easily be veried in oordinates. We an thus onlude
that if iΓdθL + dEL = 0, then also Ver = 0.
We an now onlude the proof. If Γ satises iΓdθL + dEL = 0 and the vertial
equation (14), then it automatially also satises (15). Remark that both iΓdθ+ dE
and the `horizontal' form Hor = iΓ(d
1θTM + d
2θg˜− d
3θg˜) + dETM − β ∈
∧1(piρ) will
agree on setions XC , but Hor will vanish identially on setions of the form rC . 
5. Examples: Wong's equations
Remark that, so far, we have not used a linear onnetion ∇M on M . We will
reall here an example of [3, 5℄ where suh a onnetion is easily available and study
it within the present framework. In this way we will arrive bak at the desription
of [5℄.
Let g be a Riemannian metri on M and κ a bi-invariant metri on G. The
Lagrangian
l(vq) =
1
2
κ(A(vq), A(vq)) +
1
2
g(piG(q))(TpiG(vq), TpiG(vq))
on Q is G-invariant and if we put k([q · ξ], [q · η]) = κ(ξ, η) then k is a bre metri
on g˜ and the redued Lagrangian beomes
L(x, x˙⊕ v) =
1
2
k(v, v) +
1
2
gx(x˙, x˙) =
1
2
κabv
a
v
b +
1
2
gij(x)x˙
ix˙j.
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Remark that bi-invariane of the metri means that
k(r, [s, ]) + k(, [s, r]) = 0 or κcdC
c
ab = −κcbC
c
da.
The Lagrange-Poinaré equations for the above problem are alled Wong's equations
(see [5℄ and the referenes therein for appliations in physis where suh a Lagrangian
arises). Next to the the (assoiated) linear onnetion ∇ on τ (with onnetion o-
eients Γbia = C
b
adA
d
i , see expression (6)), there is now a seond onnetion around:
the Levi-Civita onnetion of the metri g (with oeients N ijk), whih is a linear
onnetion on M , in what follows denoted by ∇M . We will use this information
within our urrent set-up, that is, that of the prolongation bundle piρ : T ρV → V .
So-alled ρ-onnetions on pi [2, 14℄ are diret omplements HρV of VρV in
T ρV . Loally, suh a onnetion is determined by ertain onnetion oeients
Γ˜αβ ∈ C
∞(V ). A setion Z ∈ Sec(piρ) is horizontal if it is of the form
Z = ZαHα = Z
α
(
Xα − Γ˜
β
αV
β
)
∈ Sec(piρ).
If {eα} is a basis of Sec(pi), then the horizontal lift of s = sαeα ∈ Sec(pi
∗pi) is sH =
sαHα. Speial ases of suh onnetions are those where the onnetion oeients
are linear, i.e. Γ˜αβ = Γ˜
α
βγy
γ
. Then, a ρ-onnetion an be represented by an operator
∇ρ : Sec(pi)× Sec(pi)→ Sec(pi), where
∇ρeβeγ = Γ˜
α
βγeα.
Suh an operator has the following properties w.r.t. multipliations of funtions f ∈
C∞(M),
(17) ∇ρfsr = f∇
ρ
sr and ∇
ρ
sfr = f∇sr + ρ(s)fr, ∀s, r ∈ Sec(pi).
In the ase of Wong's equations, the following an immediately be veried.
Proposition 7. The operator ∇ρ, dened by
∇ρX⊕ s Y ⊕ r = ∇
M
XY ⊕∇Xr,
is a linear ρ-onnetion on pi. The onnetion oeients of this onnetion are
Γ˜ai = Γ
a
ibv
b, Γ˜ab = 0, Γ˜
i
j = N
i
jkx˙
k, Γ˜ib = 0.
and the horizontal spae is spanned by {Ha = Xa,Hi = Xi − Γ˜
a
i Va − Γ˜
j
iVj}. The
horizontal lift of the anonial setion T is a pseudo-Sode and will be denoted by
Γ˜. In oordinates,
Γ˜ = x˙iX i + vaX a − Γaibx˙
i
v
bVa −N
i
jkx˙
j x˙kV i.
From the proof of Proposition 6 it has beome lear that the essential part of the
vertial equation is given by its ation on r
C
. Sine the dierene between r
C
and r
H
is a vertial setion and sine Ver vanishes on vertial setions, we may as well look
at the ation of Ver on horizontal setions rH . It is easy to see that β(rH) = 0. We
therefore easily nd that
(18) 0 = Ver(rH) = ρ1(Γ)(θg˜(r
H))− θg˜([Γ, r
H ]1).
The 1-form θg˜ on Sec(pi
ρ) is semibasi and therefore leads to a 1-form θk on τ : g˜ →M
along pi, given by θk(r) = θg˜(r
H) = k(Tg˜, r). We thus need to know θk(jg˜[Γ, r
H ]1),
or, essentially, the `g˜'-part of j[Γ, rH ]1. The dierene between the pseudo-Sode Γ
and the pseudo-Sode Γ˜ is a vertial setion W. Sine we assume r to be a basi
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setion, all the brakets [W, rH ]i will be vertial and therefore not ontribute to the
braket we want to ompute. What is left is therefore nothing but (j[Γ˜, rH ]1)
g˜
. To
express this term, it will be onvenient to introdue a new linear onnetion D whih
has the advantage that its ation on forms along pi (suh as θk) makes sense. D will
be a linear ρpi-onnetion on pi∗pi, the so-alled Berwald-type onnetion D (see also
[13℄). It is an operator D : Sec(piρ)× Sec(pi∗pi)→ Sec(pi∗pi) with properties that are
analogous to those of (17), but with ρ replaed by ρpi. In this ase, we an dene
this onnetion by means of its ation on basi setions, that is: let r, s ∈ Sec(τ) and
X,Y ∈ X (M), then
DrH s = 0, DXH s = ∇Xs, DrV s = 0, DXV s = 0,
DrHY = 0, DXHY = ∇
M
XY, DrV Y = 0, DXV s = 0.
On basi setions, DΓ = DΓ˜ + DW = DΓ˜. It an easily be alulated that DΓ˜r =
(j[Γ˜, rH ]1)
g˜
− ravbCcbaec. Taking all this into aount (18) is then
0 = ρ1(Γ)(θk(r)) − θk(DΓr)− κcdC
c
bav
d
v
b
r
aec.
The last term vanishes beause of the bi-invariane of the metri and the skew-
symmetry of the Lie algebra braket. To onlude, the vertial Wong equation is
(19) DΓθk = 0.
Similar as above, one an dene a 1-form θg of TM along pi by means of θg(X) =
θTM(X
H) = g(TTM ,X). The essential part of the horizontal Wong equation is
0 = Hor(XH) = ρ1(Γ)(g(TTM ,X)) − g(TTM ,DΓX)
−θk((j[Γ,X
H ]2 − j[Γ,XH ]3)
g˜
)− dL(XH).(20)
A small oordinate alulation shows that the third term is in fat θk(ω(TTM ,X)).
The last term is given by
(21) Xi(
∂L
∂xi
−
∂L
∂x˙k
Nkijx˙
j −
∂L
∂vc
Γcibv
b).
Using the expliit expression of the Lagrangian and the Levi-Civita onnetion o-
eients, it is easy to see that the rst two terms in (21) anel out and that the
remaining term is κcdX
iΓcibv
b
v
d
. Also this term vanishes, due to the expliit expres-
sion of the onnetion oeients Γcib = A
d
iC
c
db and due to the assumed bi-invariane
of κ and the skew-symmetry of the Lie algebra. Finally, we will rewrite the rst two
terms in (20). Remark rst that
(DXH g)(Y,Z) = (∇
Mg)(X,Y ) = 0 and (D
rhg)(Y,Z) = ρ
pi(rH)(g(Y,Z)) = 0,
sine ρpi(rH) = ρpi
(
r
aX a
)
= 0. So, in partiular for Γ˜ = TH , also DΓ˜g = 0. Moreover,
sine g is basi also DσV g = 0 for all σ ∈ Sec(pi
∗pi) and thus also DΓg = DΓ˜+DWg =
0. In partiular,
0 = (DΓg)(TTM ,X) = ρ
1(Γ)(g(TTM ,X)) − g(DΓTTM ,X)− g(TTM ,DΓX),
so we an rewrite the horizontal Wong equation (20) as
(22) g(DΓTTM ,X) + θk(ω(TTM ,X)) = 0.
(19) and (22) an also be found in [5℄ (in a somehow dierent style).
534 TOM MESTDAG
6. Hamilton-Poinaré equations
In [4℄, a Hamiltonian version of the Lagrange-Poinaré equations has been devel-
oped. The orresponding equations, the so-alled Hamilton-Poinaré equations an
also be seen to t in our approah. Let's ome bak rst to the most general idea of
a prolongation in Setion 4. In fat, let µ now be pi∗ : V ∗ →M , the dual bundle of a
Lie algebroid pi : V →M . Then, in [11℄ (see also [6℄) it has been shown that the Lie
algebroid (pi∗)ρ : T ρV ∗ → V ∗ is the ideal arena to host the Hamiltonian formalism on
a Lie algebroid. We only need to onsider the anonial 1-form θ0 on (pi∗)ρ, dened
by θ0(w)(v,W ) = w(v) (w ∈ V ∗, (v,W ) ∈ T ρV ∗) and its exterior derivative. Let
H ∈ C∞(V ∗) be a Hamiltonian funtion. Hamilton's equations are then given by
the integral urves of ρpi(XH) where XH is a setion of (pi
∗)ρ whih satises
(23) iXHdθ0 = −dH.
Loally, if (xi, pα) are oordinates on V
∗
, then θ0 = pαX
α
and the Hamilton equa-
tions on a Lie algebroid are
(24)


x˙i = ρiα(x)
∂H
∂pα
,
p˙α = −ρ
i
α
∂H
∂xi
−Dγαβpγ
∂H
∂pβ
.
Coming bak to the partiular ase of systems with symmetry, it is now not
diult to see that the so-alled Hamilton-Poinaré equations from [4℄ are nothing
but the equations (24) for the extension of the Lie algebroid (7) to T ρ(T ∗M ⊕ g˜∗).
Let {ei, ea} be the basis of Sec(pi∗), dual to the basis {ei, ea} of Sec(pi). We will
denote {Xi,Xa,P
i,Pa} for the indued basis (11) on Sec((pi∗)ρ). For oordinates
(xi, pi, pa) on T
∗M ⊕ g˜∗, the expressions (24) are in this situation:
(25)


x˙i =
∂H
∂pi
,
p˙i = −
∂H
∂xi
+ ωcijpc
∂H
∂pj
− Γcibpc
∂H
∂pb
,
p˙a = Γ
c
japc
∂H
∂pj
− Ccabpc
∂H
∂pb
.
The deomposition of the extended Lie algebroid in Proposition 5 will ensure again
that the above set of equations an be deomposed into a `horizontal' and `vertial'
set. Look at the deomposition θ0
g˜
= paX
a
and θ0TM = piX
i
of the anonial setion
and let γ be ∂H
∂pa
(Pa − Γ
b
iapbX
i).
Proposition 8. The vertial Hamilton-Poinaré equation is
(26) iXHd
1θ0
g˜
= −γ.
The horizontal Hamilton-Poinaré equation is
(27) iXH (d
1θ0TM + d
2θ0
g˜
− d3θ0
g˜
) = −dH + γ.
A oordinate alulation shows that (27) gives the rst and seond equation in (25),
while (26) is given by the rst and third equation.
Aknowledgements. I am indebted to Willy Sarlet for useful disussions.
A LIE ALGEBROID APPROACH TO LAGRANGIAN SYSTEMS WITH SYMMETRY 535
Referenes
[1℄ A. Cannas da Silva and A. Weinstein, Geometri models for nonommutative algebras, Berkeley
Mathematis Leture Notes Vol. 10 (Am. Math. Soiety, Providene) (1999).
[2℄ F. Cantrijn and B. Langerok, Generalised onnetions over a bundle map, Di. Geom. and
its Appl. 18 (2003) 295317.
[3℄ H. Cendra, D.D. Holm, J.E. Marsden and T.S. Ratiu, Lagrangian redution, the Euler-Poinaré
equations and semi-diret produts, Geometry of dierential equations, 125, Amer. Math. So.
Transl. Ser. 2, 186, Amer. Math. So., Providene, RI, 1998.
[4℄ H. Cendra, J.E. Marsden, S. Pekarsky and T.S. Ratiu, Variational priniples for Lie-Poisson
and Hamilton-Poinaré equations, Mosow Math. J. 3, 833-867, 2003.
[5℄ H. Cendra, J.E. Marsden and T.S. Ratiu, Lagrangian redution by stages, Memoirs of the Am.
Math. So. 152 2001.
[6℄ M. de León and J.C. Marrero, E. Martínez, Lagrangian submanifolds and dynamis on Lie
algebroids, preprint (2004).
[7℄ S. Kobayashi and K. Nomizu, Foundations of dierential geometry, Intersiene Publishers
(New York, 1963).
[8℄ I. Kolá° and P.W. Mihor, J. Slovák, Natural operations in dierential geometry, Springer-
Verlag (Berlin, 1993).
[9℄ K. Makenzie, Lie groupoids and Lie algebroids in dierential geometry, London Math. So.
Let. Notes Series 124 (Cambridge Univ. Press) (1987).
[10℄ E. Martínez, Lagrangian Mehanis on Lie algebroids, Ata. Appl. Math. 67 (2001) 295320.
[11℄ E. Martínez, Geometri formulation of mehanis on Lie algebroids, Proeedings of the VIII
Fall Workshop on Geometry and Physis (Medina del Campo, 1999), 209222, Publ. R. So.
Mat. Esp., 2, R. So. Mat. Esp. (Madrid, 2001).
[12℄ E. Martínez, T. Mestdag and W. Sarlet, Lie algebroid strutures and Lagrangian systems on
ane bundles, J. Geom. Phys. 44 (2002), 7095.
[13℄ T. Mestdag and W. Sarlet, The Berwald-type linearisation of generalised onnetions, J. Phys.
A: Math. Gen. 36 (2003), 80498069.
[14℄ T. Mestdag, W. Sarlet and E. Martínez, Note on generalized onnetions and ane bundles,
J. Phys. A: Math. Gen. 35 (2002), 98439856.
[15℄ A. Weinstein, Lagrangian Mehanis and groupoids, In: Mehanis day (Waterloo, ON, 1992),
Fields Institute Communiations 7, Amerian Mathematial Soiety (1996) 207231.
Department of Mathematial Physis and Astronomy
Ghent University, Krijgslaan 281,
B-9000 Ghent, Belgium
e-mail: Tom.MestdagUGent.be
